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Abslrael. me origin of metastable weed texture (microslnrcture) b studied by "puler 
simulation. A two-dimensional model of 59 x 59 unit aUs represents a layer wilh an 
cuygen deiicit of the high-Tc superconductor YBa2CusO.r-a and exhibits lhe fermelastic 
tetragonal+,rthorhombic phase Wansition. The w e d  Iexture b known U) be important 
for flux pinning. In the model, the lag1 ordering of the q g e n  atoms pmduces long-range 
smin  fields, which have been studied mmputationally by a molecular dynamics technique. 
The system has a strong tendencj to form lhe tweed texture, as o b s e d  experimentalv. 
Well above lhe stNctural phase transition temperature, lhe Strain fluctuations show well 
developed e m b p  of the weed "re, whose temperature dependence agrees with 
t h e o r + d  estimates obtained using the independentsite approximation. On quenching 
10 below the transition temperature, the texture 6lst becomes more regular in spacing 
and mamm before the system orders -roxopically: the kineticr behaviour is quite 
different from the uaditional model oi nucleation and growth. 

1. The role of local strain coupling 

The purpose of this paper is to study via a computational two-dimensional (m) model 
the origin of metastable tweed texture or microstructure attending the structural 
phase transition (from tetragonal to orthorhombic) in YBa,Cu,07-6 (YBCO). Part 
of the motivation for our study is that the tweed texture appears to increase the 
critical Current of superconducting YBCO, presumably by helping to pin flux lines 
(see, for example, Iqbal et a[ 1989). But tweed texture is a much wider phenomenon, 
occuring in such diverse materials as feldspars (Wruck et a1 1991) and metallic alloys 
(e.g. Fujita 199U), and we believe our study illuminates its origin more generally. 
The occurrence of tweed depends on the macroscopic strain involved in the phase 
transition, tetragonahrthorhombic in the case of YBCO (Marais el al W l a ,  b, Salje 
and F'arlinski 1991, Salje 1991, Semenovskaya and Khachaturyan 1991), and we have 
previously shown that the kinetics of phase transitions involving substantial strain is 
quite different from the lraditional nucleation and growth model. The latter work was 
done on a 3D computer sample of sue 15 x 15 x 15 unit cells, hardly large enough to 
catch the tweed texture (Marais et a1 1991a, 1992a, b), so that the present 2~ sample 
of 99 x 99 unit cells With a sixfold larger lateral dimension provides a significant 
rounding-out of the picture. All of these considerations contributed to our choice of 
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YBCO for study since its particular layer structure makes a 2~ model appropriate, as 
will be discussed below. 

By strain coupling in a structural phase transition we mean in the present context 
that the local ordering in one unit cell results in a stress tending to deform that 
cell and its neighbours, due to the sizes or dispositions of the ordering atoms or 
groups of atoms such as NO; ions (Reeder et al 1988, Salje et a1 1985, Salje 1990). 
In the case of YBCO the deformation is an I’ - yz type of strain of the tetragonal 
high temperature unit cell. The tweed texture consists of long thin domains of ‘plus’ 
and ‘minus’ ordering running along (l,l,O) and (1,-1,O) planes so that they criss- 
cross at right angles. More generally tweed only arises W r a i s  ef a1 1991a) when 
that deformation has the symmetry of a macroscopic strain and indeed locally is 
that strain. The conditions for the Occurrence of tweed and other types of texture, 
including no texture, have been discussed elsewhere (Marais et a1 1992a,b). It is 
known that the strain energy can be a substantial fraction of the total energy invoked 
in such a structural phase transition (Salje 1990). The local strain due to ordering 
in one cell propagates through the elastic deformation of the material to distant 
ceUs (Marais et a1 1991a). One consequence is that the strain fluctuations average 
the degree of order in a region of cells so that they display a smoother structure 
than the fluctuations of the occupation itself, as we shall see from our simulation 
order parameter p and a strain order parameter q. For short-range fluctuations 7 is 
smoother than p, but for long-wavelength fluctuations they are proportional. Another 
consequence of strain propagating through the medium is that the local ordering in 
one cell is ‘felt’ in distant cells, leading to different kinetics of the phase transition as 
already mentioned (Salje 1990, 1991). 

At about 770 K the YBa,Cu,0,-6 aystal undergoes a ferroelastic structural phase 
transition from tetragonal P4/mmm to orthorhombic Pmmm symmetry. We will 
use T, to relate to this transition, not the superconducting one. The T, depends on 
the degree 5 of oxidation, and on substitutional impurities (Jorgensen et a1 1987a, b, 
Alford et a1 1989). The structural phase transition is nearly second order, with a large 
spontaneous strain leading to a pronounced (l,l,O) type of microtwinning, at a length 
scale of some 100 8. (Roth et a1 1987). The detailed form of. the microstructure and 
its scale depend on the thermal history, on the value of 6 and on the concentration of 
substitutional impurities. Basically it consisk of stripe domaills (i.e. (l,&l,O) platelets 
in three dimensions, seen as stripes in electron microscopy with the beam parallel 
to the e axis) or patches of tweed texture. For example, cobalt acts as a local 
perturbation which favours the orthorhombic deformation and results in a very line 
irregular tweed. 

The YBCO aystal is usually consider2d as a quasi-u, structure, consisting of 
sandwiches of three layers stacked along the c axis. Only one of them .has a 
composition CuO,-, which is deficient in oxygen, with (1-6) oxygen atoms occupying 
two oxygen sites per copper atom. In the following we shall contine ourselves to such 
layers. Since 5 is small, we shall ignore it in our model and consider the oxygen 
sites in this layer to be half-occupied. At the present stage we are interested in 
the basic origin of the tweed and associat&l phenomena, not with its variation with 
detailed composition. The copper atoms form a square lattice and the two oxygen 
sites lie half-way between the copper atoms along the I and y axes (see figure 1). At 
high temperatures above T, the oxygen d8uses over all the sites, giving an average 
tetragonal symmetry but locally a randomly distorted lattice. The latter is evidenced 
by the Debye-Waller ellipsoids for the oxygen m x-ray diffraction, which are several 
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FIgurr t The Lwodimensional model used in the Flgure 2. The temperature behaviour d the 
computer simulation. The unit cell wnlains one global strain (triangles) and acupation (circles) 
copper atom (open ‘drcles) wnnecled Ly spring order parameters lhe “ition temperature is 
force “ a n t s  A, B and ovo oxygen sites (full T. = 9.65To. 
circles) with interaction J. 

times larger than those for oxygen in the other stoichiometric layers (Schmahl et al 

At lower temperatures the oxygen in our deficit layer tends to occupy only the 
sites on the I axis or those on the y axis, and in this way forms one of the two possible 
domains of the orthorhombic phase with the lattice constant along the occupied axis 
becoming longer. The order parameter for the transition measures the difference 
in the occupation probability of the I and y sites. Its symmetry is given by the 
irreducible representation B,, at k = 0 of the space group P4/mmm. It has the 
same symmetry as the e,,-eyy component of the strain tensor so that the two order 
parameters are coupled, leadmg to a ferroelastic phase transition. MicroscopicaUy 
it is intuitively obvious that the presence (absence) of an oxygen atom between two 
copper atoms will lengthen (shorten) the Cu-Cu distance. Symmetry requires that 
only two lypes of ferroelastic orthorhombic domain can arise, elongated along the I 
or y axis respectively, consistent with our microscopic picture above. 

The continuiry condition for the crystal lattice tells us that macroscopic coherent 
boundaries between different domains can only exist along the two diagonal planes 
(l,&l,O). Sapriel (1975) has studied the general conditions for the existence of 
coherent domain boundaries between domains of different shear, and the above result 
follows f ~ o m  the general theory when applied to domains of positive and negative 
shear of type z2 - y2. Even these boundaries entail some strain energy (Marais et 
d 1992b). The direction of coherent domain boundaries can easily be deduced in 
two dimensions. Let ni (in the s u e  notation) be a unit vector along the boundary, 
and q i j ( l ) ,  q i j (2 )  the spontaneous strains on two sides. At any p i n t  Rni on the 
boundary, the displacement ui is qi j  Rnj and the component of this parallel to the 
boundary has to be the same for the boundary to remain coherent: 

1988). 

q!!)Rn.n. $1 1 = q!,a)Rn.n. J I  (1.1) 

(?+‘I -qm) , .n in ,  21 I =o.  (1.2) 

that is 
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In our case we have q(z) = -q(*) with q(’) k i n g  an elongation (contraction) along 
,the X(Y) direction and q@) the opposite: 

Substitution of (1.3) into (1.2) easily yields for ni the (I&) directions. In 3D the 
condition (1.2) still holds but ni is now any vector in the boundary plane (Sapriel 
1975). 

In order to guide the reader through the details that folow, we will outline here 
the main ideas and results. 

After setting up the computer model in section 2, we compute some 
straightfomrd results with it in section 3, which are both of interest h their own 
right and serve tu test the model against some of the experimental reSUlts on YBCO. 
How does the order parameter vary with temperature below T,? Our model has two 
ingredients, as does the real mco. If one oxygen site in a unit cell is occupied by an 
oxygen atom, then the other site is unlikely to be occupied also. We represent this 
by an ‘antiferro’ coupling J between nearest-neighbour sites. But we have discussed 
elsewhere (Marais et af 1991a. 1992a,b; future publications are planned by these 
authors) that the local strain set up around an occupied site propagates through 
elastic relaxation to distant sites, resulting in a long-range coupling between sites. 
These two mechanisms give a different temperature dependence, and we compare the 
computer model and experiment with them. Another result relates to the disorder 
among the oxygen sites, namely the observed anomalously large ‘thermal’ ellipsoid 
for the oxygen atoms in the analysis of the structure from x-ray diffraction. 

In scction 4 we present our evidence from the model for the origin of the tweed 
texture. There are well defined embryos of the tweed at temperatures well above 
T,. We show results at 1.75Tc but have seen the same kind of embryos for all 
runs at temperatures above T,. In fact it requires a quantitative analysis to see the 
variation with T above T,: to visual inspection the d o u r  plates (e) to (h) in Salje 
and Parlinski (1991) and Salje (1991) look much the same, representing temperatures 
from l.lTc to 1.59Tc. It is quite clear from various tests that these embryos are 
equilibrium fluctuations of the ordcr parameter and not due to any thermal history 
or non-equilibrium conditions in our computer runs. Why are they so prominent 
at temperatures where a nearest-neighbour Ising model would be almost completely 
disordered? It is necessary to distinguish here between the conventional local order 
parameter p ( r )  relating to the occupation probability of the cocygen site at T ,  and 
thc strain order parameter q ( r )  formed from the degree of strain of the individual 
crystal cells. The p ( r )  is indeed highly disordered, or so it appears at first sight. 
But q ( r ) ,  because of the long-range nature of strain, effectively integrates P ( T )  over 
a region of cells and shows that there is a net ordering over a mesoscopic range. 
Conversely we can argue that such mesoscopic ordering fluctuations at such high 
temperatures are the result of a cooperation between many unit cells linked by the 
long-range interaction mediated by strain. A full analysis awaits some development of 
theory and more detailed simulation results, both currently being pursued (Bratkmky 
19%). In section 5 we present the traditional theory of the width of the correlation 
function S(q) at T > Tc, and show that our simulation results agree satisfactorily 
with it. 

In section 6 we turn to the ordering kinetics when a sample is quenched from 
above to below T,. There arc two main aspects, one being the development of 



Tweed texture in &e simulatwn of YBCO so1 

the memmpic tweed texture. We will show one figure to indicate the variety of 
phenomena, namely with the texture first becoming more regular, then coarsening 
and finally giving way to macroscopic uniform ordering. The details of these processes 
will be. taken up in a separate publication (Parlinski et a1 1992b), culminating in a 
so-called time-temperature-transition (m) plot. 

What section 6 is mainly concerned With is a broader issue. In previous work 
(Marais et a2 1991a, 1992a,b) it was shown that the long-range nature of the 
strain coupling between sites leads to a radically different ordering kinetics from 
the conventional ‘nucleation and growth’ behaviour of a nearest-king model (and no 
doubt some real materials). New ldnetic rate equations are required (Salje 1988, 1991, 
Marais e~ af 1991b). Our previous discussion was based on computer simulations with 
a small model of 15 x 15 x 15 unit cells, which was observed to order homogeneously 
all over with no delay for nucleation. Clearly that picture now has to be. elaborated 
to take into account the mesoscopic texture. 

Finally in section 7 we draw together our concluding remarks. 

2. The computational model 

The two-dimensional structure for our computer model consists of a square lattice of 
copper atoms at lattice sites (i, j). There are two oxygen sites per ( i , j )  unit cell, 
one lying half-way between copper atoms ( i , j )  and (; + 1,j) on the X axis, to be 
referred to as site 1 or the X site, and site 2 (or the Y-site) half-way between copper 
atoms ( i , j )  and ( i , j  + 1) on the Y axis (figure 1). The potential energy of the 
model is 

(2.5) R.. .  , . ,=[(Xi,j-x,,j,)*+(Y;,j -I&,)] 2 112 
V ’ J  

where au is the lattice constant and ( X i j ,  y.j) the position vector of copper atom 
(ij). In (2.2) each copper atom is coupled to its nearest and next-nearest copper 
atoms by harmonic springs with spring constants A and B respectively. This choice 
of forces guarantees that the phonon normal modes form two acoustic branches and 
hence that the structure behaves correctly as an elastic medium, as is essential for 
modelling the strain effects mentioned in section 1. 

The treatment of the oxygen atoms is a little unusual. Consider the double-well 
function 

f ( z )  = - E P +  G Z ~  (2.6) 
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with minima at 

2, = f( E/2G)'t2 (27) 
where 2 is for the moment some abstract non-spatial variable describing some system. 
If the double well is very deep relative to the thermal energy k,T, then the variable 
Z is always very near one of the two values *Zo, i.e. it behaves practically like an 
king variable U = f l  apart from the scaling factor 2,. As usual, we can use an 
King variable to denote the occupancy of a site by an oxygen atom, Q = +1 for site 
occupied and U = -1 for site empty. Similarly we can use the variable Z in (2.6) 
as an oxygen site occupation variable: we call it a 'soft king' variable, with Z$) and 
Z$) referring to sites 1 and 2 in cell (ij). The practical advantage of this device is 
that the 2 s  are continuous variables which can be treated by molecular dynamics in 
the simulation, on the same footing as the X i j ,  xj. Otherwise one would have to 
treat the system in a mixed way, Monte-Carlo sampling for the discrete Q variables 
and molecular dynamics for the X i j ,  xj, which is possible (Marais et a1 1991a) 
but more cumbersome and time consuming. 'RJ be sure, for computational efficiency 
one must not really have the double well (26) very deep, and one must postulate 
some fictional associated kinetic energy iM(dZ/dt)z ,  but this does not change the 
qualitative behaviour of the system. 'RJ summarize, the term (2.4) in the potential 
represents the occupancy of the oxygen sites. It has incidentally another function: it 
introduces anharmonicity into the model and hence ensures thermal equilibrium in 
the phonon system during a simulation run. 

The interaction between oxygen atoms occurs in two ways. Hrstly when one site is 
occupied, its nearest-neighbour sites are likely to be unoccupied because of Coulomb 
repulsion. Remember that only about half the oxygen sites are occupied (section 1). 
This effect is described by (2.3) with positive (repulsive) J ,  directly analogous to 
an antiferromagnetic nearest-neighbour Ising model. Secondly the CYZ~,?, u Z $ ~  in 
the first two t e r m  of (2.2) give a lengthening by uZ, of a nearest-neighbour Cu- 
Cu distance when the intervening site is occupied, and a shortening by -azo when 
unoccupied. Such local strain is of course propagated through the lattice by the 
&stis, and through the same effect acts as a force on distant Z;!;,, Zif i,. We can 
make this more explicit by expanding the first term of (2.2) to give 

A(Ri,j;;+i,j - a")* - 2AaZiJ (1) (times ' displacements of atoms at i , j  and i + 1,j) 

+ (higher-order terms) (28) 

and similarly the second term of (2.2). &pansion (28) now has the Same form as 
in the model considered by Marais ef a1 (1S91a, 1992a, b). The bilinear term in UZ 
gives a force on the copper atoms for a given E$,:, and conversely a force on the 
occupation variable Z$? for a given displacement of the copper atoms. 

The 2D spatial symmetry of the potential (21) is P4mmm, as is the system 
ensemble symmetry for equal random occupation of the oxygen sites. When the X 
sites are occupied more than the Y sites, the system elongates in the X direction 
and shortens along Y, Le. it develops a positive shear of X2 - Y2 type and has 
symmetry Pmm2. Similarly preferential occupation of the Y sites gives a negative 
shear of the same type Some more complex spin models coupled to the lattice, in 
similar fashion to ours, lead to fist-order transitions (Tabhashi 1988a,b). However, 
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ours maps directly onto the simple so-called phi-four model (Padlewski et 01 1992) as 
will be discussed below. It therefore gives a continuous transition. 

The numerical values of the potential parameters A = 2a00, B = so00, 
J = 2.500, E = 3C€O, Q = 1.0 and G = 106 have been chosen so that the ground- 
state configuration of the model has a required symmetry P m m 2  and the lattice 
deformation is about 6%. The anharmonic force mnstant G fixes the magnitude 
of the displacement amplitude. Introducing the lattice constants Ri,j;i+l,j = Xu, 

the numerical values of the ground-state rectangular unit cell to &e Xu = 1.0626a0, 
& = 0.9356a,, Zt) = 0 . 0 6 3 2 ~ ~  and Zf) = -0.0633~~. 

We return to the issue of using soft Jsing variables Z,,. rather than discrete Ising 
spins, where we use the s&ix p as an abbreviation for indices i, j and 1 or 2 There 
are several p i n t s  to be made. At the time of this work (1990) some tests were 
successfully carried out which showed that the results are very similar to a much 
more time-consuming code using discrete spins (Marais 1990). Subsequent work with 
an improved code for discrete spins gives tweed patterns which appear to the eye 
indistinguishable from those described here (Bratkovsky 1992b). The quantitative 
effects of coupling in the z direction to give a three-dimensional model are also 
being studied. Soft king models such as the present one (or the phi-four model as it 
is often called) can display either soft-mode or orderdisorder behaviour at the phase 
transition depending on the values of the parameters. The position of the crossover 
has been determined by Padlewski et 01 (1992), and we can show that the present 
parameters place our model somewhat on the orderdisorder side by mapping it onto 
the phi-four model by a two-step argument. First we expand the first two terms of 
(2.2). The resulting terms in Z: can be grouped with those in (23) to give the total 
on-site quadratic potential 

R. ' ' . = yu. Ri,j;it1,jt1 = (Xu+ 2 yz U 1 112 9 Z?? ,,j = Z$) and Zj? = Zf), one finds 1d;%,Jt1 

C(aAZ - E)ZE. (z 9) 

The terms from (2.2) which are linear in Z,  can be treated in the manner of h4arais 
ef a1 (1991a) to decouple the lattice completely and give an effective interaction 
J,,Z,Z, between occupation variables. With the above values for the parameters, 
the coefficient in (2.9) is negative, which places the model in the order-disorder 
regime (Padlewski ef a1 1992) and this qualitatively like a discrete king spin. 

The model has been simulated using the molecular dynamics technique (Parlinski 
1987, 1988, 1989). The crystallite consisted of 99 x 99 unit cells with 29205 particles. 
Free boundary conditions were used, with edges of the crystallite cut along (1,O) 
directions and consisting of copper only. The free boundary conditions allow the 
domain walls to flow in and out of the crystallite. The Newton equations of motion 
were solved iteratively by a simple difference scheme with time step At = 0.002~~. 
The canonical ensemble with constant temperature (Dove 1988) has been used. The 
temperature has been defined by an average kinetic energy. There, at each iteration 
step the particle velocities were corrected by a factor (Td/T)'/*, where Td is the 
desired temperature of the system and T is the currently calculated temperature. 

We have set the units of length to the lattice constants a. = 1, the particle 
mass Mu = 1 and time unit T" = 1. Hence, the energy and temperature units 
are To = M o ~ i ~ ; z ,  and the parameters A, B, H, E and G are in Mo7;' and 
M ~ T ; ' U ; ~  units, respectively. 
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3. Straighffomard results and test of the model 

We now discuss some results of the model which are of =me interest m their own 
right in relation to YBCO and at the same time provide some test of the model. 

First there is the variation of the order parameter with temperature T below T,, 
and the determination of T, itself. We define local values of the order parameters 
pi j ,  qij which are a measure of the oxygen site occupation and the strain respectively 
at lattice site ( i , j ) :  

p . .  * I  = L ( ( K  4 * J L t I , I  . . .) + (R. w * - I , j  . . ) - ( R .  w w  . . . t1 ) - (Ri, ,; i , j-J) (3.1) 

Note that in (3.1) we want the difference between the occupancy of the X and Y sites 
because the phase transition is a condensation of the oxygen atoms on the X or the 
Y sites. In (3.1), (3.2) the (. . .) denotes a short time average over an interval of order 
A1 = 0.05~,, Le. over 25 time steps. The corresponding global order parameters are 

Here N is the total number of cells taken in the summation &om which we have 
excluded one edge row of cells all round to minimize edge effects. 

Figure 2 gives the temperature variations of the global ( p )  and (9) on one cooling 
and one heating run. Both runs were sufficiently slow with ldT/dtl = 0.075(T0/r0) 
that at each temperature the system was sufficiently close to equilibrium. The heating 
run was started &om a single domain equilibrated at temperature 25 T,, so that 
points below 25 To in figure 2 are from the cooling run only. 

We first note from figure 2 that the values of the order parameters at T = 0 
are in good agreement with the values p(T = 0) = 0.0633 and q(T = 0) = 0.0634 
calculated &om the ground-state lattice constantS X,, Yo and occupation mriables 
Zf), Zf) obtained by minimizing the potential energy (21). The fact that the two 
order parameters are normalized to the same value at T = 0 stems from the use of 
the coefficient Q = 1.0 in (2.2). Secondly the values of p(T )  and q(T) are strictly 
proportional over all T, in fact equal with our normalization. Thirdly we note that 
the transition temperature T, Y 9.65To both on heating and cooling. This value falls 
between two simptied approximate theoretical estimates of 15.0 T, and 5.0 T, made 
in seetion 5. Fourthly the non-zero values of the order parameter in figure 2 above T, 
represent fluctuations from the finite sample size. The values for the occupation order 
parameter are about three times larger than p( T = O)N-1/2  because of the coherent 
embryo regions (section 4). Fifthly the curve just below T, may be depressed because 
the transition around the eorners of the sample occurs already at  a temperature lower 
than T,. ?b limit the effect of sample size, the outer row of cells has been omitted as 
mentioned below (3.4) but may extend further into the sample, especially at corners. 

It is of some interest to make a theoretical interpretation of the variation of 
the order parameter below T,. We start with the simulations and compare with 
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experiment subsequently. Our computer model is a mixed model. If we. set Q = 0 
in (22) we cut out the strain coupling, leaving only the nearest-neighbour interaction 
J (23) between sites. On the other hand, setting J = 0 in (2.3) leaves only a long- 
ranged coupling between sites, mediated by strain and the motion of the copper atoms 
(Marais a a1 1991a, 1!392a,b). Another feature is that we have replaced the discrete 
king occupation variable by the ’soft Ising’ well (26), (2.4). Our first comparison in 
figure 3 is therefore with the 2~ king model for which the order parameter Q(T) is 
given by (Huang 1987) 

118 Q(T) = { 1 - ~inh-~[ (T , /T)  arcsinh l]} . 0.5) 
This curve lies far too high in the diagram, with a rather sharp variation just near 
T,. We therefore turn to the opposite extreme, still an king model but now treated 
in the Bragg-Williams approximation (mean field theory) which is known to become 
exact in the limit of a long-ranged coupling: 

This is seen to be much closer to the simulation data (figure 3), which is not surprising 
in view of what we shall see later, namely that the strain effect controls the equilibrium 
fluctuations and the ordering kinetics. As remarked above, the strain effect leads to 
an effective long-range interaction which is what is needed for the validity of (3.6). 
We now turn to the fact that the simulations have a ’soft king’ variable (24), (2.6), 
whereas both (3.5) and (3.6) apply to an king spin. The ‘soft’ case has been treated 
by Salje er d (1991), still assuming long-ranged coupling (i.e. mean field theory). The 
solution of the model requires a further approximation and the result is also shown 
in figure 3 (normalized to unity at T = 0) with the parameters of Salje et d (1991), 
A = 1 and 7 = 0. Their quantum parameter 7 is set equal to zero because there are 
no quantum effects in the simulations. This curve is seen to fit the best. However, 
it fits by no means perfectly, which we ascribe to the approximation in the solution 
of Salje a a1 (1991), to the fact that our model does not map exactly on theirs, to 
disordering near the corners just below T,, and that the interaction in the simulation 
has both long-ranged and nearest-neighbour parts. Moreover the long-ranged strain 
effects are very anisotropic 

We conclude from the foregoing discussion that the rather ‘slow’ or ‘soft’ variation 
of the order parameter between T = 0 and T, in the model is largely the result of 
the long-ranged interactions between oxygen sites, due to the local strain set up by 
the oxygen ordering. The variation of the order parameter in figure 3 lies well below 
the curve of the nearest-neighbour 2D king model with its rapid change just below T,, 
and we would expect that to apply to the real system. However, the occupancy of the 
oxygen sites in the real material would be described by a proper king variable rather 
than the ‘soft’ king coordinate (26) of our model. That would raise the curve in 
figure 3 a little for the order parameter in the real material, as follows from the work 
of Salje et al (1991). We therefore expect the real material to follow approximately 
the Brag-Williams curve in figure 3. 

We turn now to a comparison of the model with experiment. There is a major 
difficulty here: the oxygen content of the material tends to vary with temperature, 
and T, is quite sensitive to oxygen content. Corrections to the data would require 
detailed knowledge of the exact conditions of the heating process, the oxygen fugacity 
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of the sample cell, etc. Such information is not available for published experimental 
data (e.g. Jorgensen et a1 1987a,b). We have therefore chosen some other strain 
measurements by Jorgensen et a1 (1987a,b), namely those on rapidly quenched 
samples, which hopefully minimizes the chemical variations. These results are shown 
in figure 4. They lie a little above the simulation results, close to the Brag-Williams 
curve, as expected for the reasons discussed above. 

We make one other comparison with experiment in figure 4 of a rather different 
nature. The substitution of a small concentration I of CO for Cu lowers T, 
dramatically so that the spontaneous strain (degree of tetragonality) is zem at room 
temperature for I > zc = 0.025. Thus the normalized order parameter as a function 
of x/zC in the alloys at room temperature mimics the variation with T/T, in the 
pure material. The data of Schmahl et ai (1989) are included in figure 4 plotted 
that way. Because all the alloy specimens were heat treated together and measured 
at room temperature, the disturbance due to wriation of oxygen content should be 
minimal. These results also fit the Bragg-Williams curve fairly well (figure 4). The 
substitution of I/I, for T/T, is not rigorous in general, of course. However, it is 
easy to show that it is correct if we have some order parameter Q(T, I) obeying the 
simplest Landau law 

Q Z ( T , x )  = a [ T -  Tc(z)] /2B (3.7) 

where a and B are constants and TJz )  varies linearly 

T J z )  = T,, - Q Z .  (3.8) 

The normalized QZ(T,z) is then always a straight line as a function of T/T, or 
x/xc. The agreement in figure 4 therefore adds general confidence to our earlier 
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conclusion. This is not insignificant because temperature data uncorrected for change 
of oxygen content follow a very different curve which we believe must be discounted. 

The second type of relevant experimental data is the disordered displacement 
of the copper atom in the teeragonal phase, as seen in the thermal ellipsoid in the 
x-ray structure analysis (Schmahl et ul 1988). Part of this is due to the normal 
thermal vibration of the atom and part due to the push or pull from the adjacent 
oxygen sites depending on whether they are occupied or empty. The mean square 
displacement in the X direction is given by U,,. Fbr the copper atom in the layers 
of composition CuO, this has the value Ull = 0.0045 A2 which we take to be due to 
atomic vibrations only. Actually thk is an overestimate of the vibrational displacement 
because according to the x-ray analysis there are some oxygen vacancies also in that 
layer. The U;, for copper in our layer with composition CUO,., is 0.0206 Az, b m  
which we suberact the vibrational part estimated above to give U,,(st) from structural 
disorder of 0.015 A2. 

Now consider a copper atom and its two adjacent oxygen sites in the X direction. 
The copper atom will remain undisplaced if both sites are occupied or both empty, 
but there will be a displacement which we take to be of order &azo when one site is 
occupied and the other not. The probability of the latter is 2p( 1 - p) where p = 0.30 
is the occupation probability of a site in the specimen of Sclunahl el al (1988). Our 
estimate of Ull(st) is therefore 

U,,(St) = ZP(1- P)(az")2. (3.9) 

We obtain two different values depending on what we take for 2:. If we use (2.7) 
we have U,,(st) = 0.009 A2; on the other hand the use of Z,? = 0 . 0 6 3 3 ~ ~  from the 
actual shear of the structure at T = 0 gives Ult(st) = 0.025 A*. These two values 
straddle the experimental value which we regard as sufficient to establish the effect, 
We expect U,,(st)  for the in-between oxygen atom to have a similar magnitude to that 
of the copper atom, as observed. However, the very large U, for this oxygen refers 
to motion perpendicular to the Cu-Cu direction: it is due presumably to Coulomb 
repulsion from other nearby @- ions, and is so large because there is no other atom 
in that direction for it to 'bump into'. 

4. Fluctuations of the order parameter and the origin of tweed texture 

We have already shown elsewhere that our computer model gives beautiful tweed 
texture when one quenches a computer sample from above T, to below it (Salje 
and F'arliiski 1991, Salje 1991). The purpose of this section and section 6 is to 
throw further light on the origin of the texture in terms of recognizable 'embryos' 
of the tweed texture occurring as equilibrium fluctuations of the order parameter at 
temperatures at least as high as 1.75TC. This is well above T, and as high as we 
looked. 

In order to show the fluctuations, it is convenient to draw colour maps of the order 
parameter distributions of pi,j and As discussed in section 3, each of these order 
parameters varies between k0.0633, which are more or less extreme values although 
IocaUy slightly larger values occur occasionally. We therefore take the range between 
-0.07 and t O . 0 7 ,  and divide it into 16 equal intervals, to which we assign colour 
gradations from red to dark green, respectively. The data sets {pi,j] and 
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defined in (3.1), (3.2) at some typical instant of time (but averaged over the small 
interval 0.057,) were placed on a regular grid of 99 x 99 unit cells and contour lines 
drawn of constant order parameter values corresponding to the 16 intervals defined 
above. The grid was not corrected for the lattice shear below T,. The areas between 
the contour lines were then Nled by the appropriate colours. Hence red and green 
regions correspond to the two oppositely sheared domains with the yellow lines being 
the domain walk. 

We first show the comparison between the occupation p i , j  and strain qi,! order 
parameters at T = 1.38Tc in figure 5, where figure 5(u) gives the stram and 
figure 5(b) the occupation variable. Comparing the two maps, one notices that 
red and green regions tend to correspond to each other, which shows that broadly 
speaking the occupation and strain order parameters are coupled to one another. 
Individual red and green regions, always enclosed by yellow lines, are limited to a 
few lattice constanix in extent. The strain fluctuations are very anisotropic in shape, 
sometimes even of needle form, with domain walls predominantly oriented along 
the [I,rtl] directions (diagonals of the figures). The fluctuations of the mpat ion  
order parameter are more isotropic, with more short-wavelength variation; however, 
even here the domain boundaries tend to tie in the [l,rtl] directions, but with more 
‘roughening’ of the boundaries. 

n k e n  together with figure 2, the above discussion may be summarized by saying 
that the occupation and strain order parameters are proportional to one another for 
long-wavelength fluctuations, in fact equal in our normalization (section 3). At short 
wavelength the strain order parameter is smoother, so that in future figures we shall 
only use it as showing the character of the fluctuations with Iess ‘noise’. As already 
indicated in section 1, this is qualitatively easy to understand: the strain from any 
one site propagates proportional to (R i , j ) -3  through the elastic medium consisting 
(in the model) of copper atoms, so that the local strain at one cell is the sum of 
influences from the occupation of sites Over a small region. A quantitative theory is 
under development pratkovsky 1992~). 

Figure 6 shows how the fluctuations extend to high temperatures well above 
T,. Figure 6(u) pictures the strain order parameter at 1.06Tc. As one would 
expect so close to Tc, there are large amplitude fluctuations: note the oeeurrence 
of the extreme red and green colours. Figure 6(b) shows the fluctuations at a much 
higher temperature 1.75TC. As expected, there is more disorder but there are still 
fluctuations with the maximum amplitude. This is surprising. Whereas locally an Jsing 
occupation variable only has the values &l and our ‘soft’ Ising variable some value 
near kZ,, the strain integrates over several lattice sites as we have emphasized and 
need not locally be anywhere near its maximum or minimum values. In fact we might 
have expected the map of strain fluctuations at such a high temperature to show only 
small amplitude variations. 

We conclude from figure 6 that at high temperatures above Tc, as high as 
one is likely to anneal at and quench from, the strain fluctuations show well 
developed embryos of tweed texture. As well as being tweed-like in shape, the local 
strain in them often attains the maximum value equal to that of the fully ordered 
material at low temperature. The same can be seen at intermediate temperatures 
l.lOT, to 1.59TC in Salje and Parlinski (1991). In fact these figures are almost 
indistinguishable from some of the metastable tweed texture resulting after quenching 
in the same model. There is no doubt that the embryos existing above T, before 
quenching become the metastable tweed texture after quenching, with a small or 
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large development in form, of course, depending on the other conditions, Le. rate of 
quench, mal temperature and time held there. 

Figure 7 shows an interesting sequence of strain maps in a single (green) domain 
of the rectangular phase below Tc. They are taken from a simulation run starting 
effectively at zero temperature and heated slowly. Care was taken to equilibrate 
the system at the recorded temperatures. The sequence shows that the nature of 
the equilibrium disorder below T, again has the same kind of slmcture of needle-like 
micro-domains running along the [l,fl] directions. Of course close to T, (figure 7(d)) 
the amplitude of the strain fluctuations becomes large enough that they sometimes 
reach the value characteristic of an oppositely ordered (red) domain. Since this was 
a heating run, the observed texture cannot possibly result &om nucleation at higher 
temperature. 

We conclude from this section that disorder in our model, at all temperatures 
above and below T, and over the whole sample, is dominated by strain-induced 
micro-domains with boundaries approximately parallel to [1,f1]. The embryos above 
Tc, which become the tweed texture after quenching, are not some special regions 
having some special type of disorder. On the contrary, there is practically no other 
type. We suggest, as one consequence, that the metastable tweed texture below T, 
probably has a free energy not very much higher than the equilibrium one. We 
also note that a typical length of a micro-domain fluctuation in figure 6 is of order 
20a, m 75 A comparable to what is seen in the finest tweed texture (Schmahl et a1 
1989). 

5. Quantitative treatment of fluctuations 

The purpose of this section is to develop some very simplified theory of the 
fluctuations above Tc, and to analyse some of the simulation results in terms of it. 
W~th slightly different approximations it will also give two estimates of the transition 
temperamre T,. 

In our system the ordering of the N oxygen atoms on the 2N oxygen sites iS 
the primary ordering process, so we shall focus on i t  Fluctuations are commonly 
discussed in terms of the Landau free energy which, to a sufficient approximation 
above Tc, has the form 

Here we use the Fourier components Z(k) of the occupation variables Z$,y with 
1 = 1, 2 on the two sites per unit cell at positions T ,  = ( a U / 2 , 0 ) ,  and T~ = (0, a&) 
relative to the copper atom, defined by 

(Z:,:) = ( - l ) ' ~ Z ( k ) e ~ p i [ 2 ? i k ( R ~ , ~  +.,)I. 
k 

The Landau Bee energy (5.1) is derived with the aid of the Bogolyubov inequality 

G < Got (V-  %)o (5.3) 
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where G, is the calculable free energy of some simple system and 1'- V, the 
re.st of the potential energy. The (. . .), denotes an expectation with respect to the 
distribution corresponding to Go. We can employ this for a Landau free energy 
functional because it is simply a free energy with the expectation value of the order 
parameter constrained to have some preset value Z(k). 

We now use the independent-site approximation (Bruce 1980), Le. choose V, to 
be Voccup.tio~ (24) .  The corresponding G, is 

where g: is the free energy of a single particle in the well (26 )  in the absence of any 
external force. Here xo is the susceptibility of such a particle to an external force 
and is given by the universal relation (Bruce 1980) 

xu(T) = (Z')(O)/k,T (5.5) 

where (. . is the fluctuation at temperature T in the absence of an external force. 
The role of Ve,,,i, (22 )  in the ordering process is to give a long-range effective 
interaction between site occupancies (Marais a af 1991a). which is difficult to treat 
theoretically. We therefore ignore it and for our approximation take V - Vu in (5.3) 
as Ynnrersite (23), so that the Landau free energy becomes 

G = 2 N g { ( T )  + NzQ(k,T)Z(k)Z(-k) 

Q ( k ,  T) = kBT/(ZZ)(") + J(k) 

J(k) = - 2 J [ ~ ~ ? r ( I ; , + ~ ~ ) ~ , + c o s i r ( k , - I c , ) ~ , ] .  (5.W 

n( k = 0, T,) = 0. 

(5.Q) 
k 

where 

(5.&) 

and 

We can now make an estimate of T,, defined as usual by the condition 

(5.7) 

We have k = 0 in (5.7) corresponding to the minimum of J(k), the fact that one site 
in each cell is occupied while the other is empty being taken care of by the factor 
(-1)' in (5.2). From (5.7) we have 

kBTc = 45(Z2)(") .  (5.8) 

(Z*)(') FZ Zi = E/2G = 0.0015 

Fbr the well (2.6) we have, especially for a deep well representing an bing variable, 

(5-9) 

which gives T, = 15.OT,, rather higher than the value 9.65T, obtained from the 
simulation. This difference is due, at least partly, to our approximation of ignoring 



Tweed temue in the simulation of mco 511 

&e map d atrain ada ps-aer fluaustionr a1 (vo 

k~~pcraturen (a) T =  1.06% and @) T= L W Z .  'Ibe large dynamic fluctuations may 
in$ in a qumdaing proarr 

the6 em be at 
the lattice sites, i.e. Risj;i+,,j = a" etc, then the total tial at each q g e n  site 
becomes ( A  - E )  Zz + GZ', giving 

(Z2)(') = ( E -  A)/ZG = O.ooo5. (5.10) 
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0.83, (4 

riog 8 heating NU. 

lhis gives To = S.OT,, a value now too low. We can be. satisfied that the two estimates 
f" (5.9) and (5.10) bracket the correct value. 

We can now apply (56) to the characteristics scale I';l of the fluctuations. In 
View of the fluctuation boundaries running perpendicular to the (1,rtl) directions, we 
confine our analysis to k in these directions, k = ( q / f i , = k q / f i ) .  For these k we 
lrave 

(5.11) 

The amplitude of the fluctuations is obtained by giving $kBT of free energy to each 
degree of freedom in (5.Q): 

n(k ,T)  = ( ( Z z ) - ' ) k B ( T -  Tc) +8n2Jq2. 
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$ k B T =  [((Z2)('))-'kB(.T- T,) +8rrZJq2] ( Z ( q ) Z ( - q ) )  (5.12) 

s(d (z(q)z(-d) = (const)r,/(qz+ r:) (5.13) 

with 

rq = ( l / 2 n ) [ k B ( T  - Tc)/2J(Z2)(o)]"2 = 0.058- (5.14) 

where we have used (5.9). In (5.13) S(q) is the occupation correlation hunction of 
Lorentzian form, corresponding to exponential decay in real space With decay length 
r;'. Note that the proportionality constant in (5.13) influences only the amplitude 
and not the width of the Lorentzian. 

We can now apply the fluctuation theory (5.13), (5.14) to the results of the 
simulations. A Wurier analysis of the fluctuations has been made at several 
temperatures and a Lorentzian fitted as shown in figure 8 The Lorentzian form 
is seen to describe the fluctuations quite well. Then figure 9 compares r,(T) 
with the result (5.14), which is seen to fit moderately well, particularly as regards 
the magnitude, which contains no adjustable parameter. The length of a typical 
fluctuation will be of order 2r',I (one decay length from the centre in each direction) 
which is of order U)au at higher temperatures, and this indeed accords visually with 
figure 6(b). We have already noted that 20ao = 75 A is of the right order of magnitude 
to describe the experimentally observed tweed texture at its linest (Schmahl et d 1989, 
Putnis ef a1 1987, Wruck d a1 1991). 
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Actually our analysis is somewhat fraudulent. An expansion of ( 5 . 6 ~ )  around 
k = 0 yields (5.11) for any direction of k where q = Ikl. That would lead to 
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large circular fluctuation patches of diameter 2r;' with correspondingly smaller 
amplitude. We have of course ignored the strain subsystem (22) and that would 
inhibit fluctuations for 12 not along (1,il) very severely. We speculate that we have 
obtained the right order of magnitude for the length of the microdomains because 
the strain effect does not hinder the extent of a fluctuation there. What is less clear 
is what controls the widths of the microdomains. It is evident that the strain effect 
is singular around 12 = 0 and a much more sophisticated theory will be required. 

6. Ordering kinetics with strain coupling 

As outlined in section 1, we here consider two questions, firstly the development 
of the tweed texture from the fluctuation embryos, and secondly the issue of phase 
transformation kinetics more generally in the presence of strain effects. 

The development of tweed texture depends on many factors, particularly time 
and the quench temperature. A fuller treatment will be given elsewhere (Parlinski 
et a1 1992b) based on our simulation model, culminating in a TrT diagram (time, 
temperature and transformation), including comparison with experiment. Here we 
only give an indication of the qualitative phenomena seen, to round up the role of 
the embryos seen at high temperature, which have been the main focus of this paper. 

Figure 10 shows the development in timc of S(q) as defined above 
(equation (5.11)). Already at t = 0 after a very rapid quench from 1.35 T, to 
0.62 Tc, the S(q)  has changed from a Lorentzian centred on q = 0 to a peak at 
quo Y 0.8. In real space this corresponds to the texture becoming more regular. 
The spacing between the domain walls becomes even more regular as the peak of 
S(q) sharpens further at t = 0 . 1 ~ ~  (figure 10). The tweed pattern taking up a rather 
regular spacing presumably minimizes (locally) the strain energy in the same sense 
as a regular crystal structure can be said to minimize interatomic strain energy. The 
S(q) is vcry small at q well beyond the peak and near q = 0, meaning that each 
domain is uniformly ordered. Finally the peak moves towards q = 0 as one domain 
orientation wins over the other. 

We turn now to the second issue. In earlier simulations with a very similar 
model (Marais ef ai 1991a, 1992a,b), it was noted that the kinetics of the phase 
transformation became very different from the traditional nucleation-and-growth 
model when the intercell interaction was largely mediated by strain effects: in fact 
the kinetics became very much faster and more uniform. What can we say about this 
picture in the light of the present work? The earlier conclusions were based on a 
cubical model of 15 x 15 x 15 cells, whereas the present one of 99 x 99 cells has a 
much wider spatial extent on account of being two-dimensional, although the number 
of cells has only been about doubled. We recall that the earlier interpretation was 
that each cell 'feels' the ordering in every other cell due to the long range (infinite 
range) of the strain-mediated interaction. Thus the sample ordered uniformly without 
forming nuclei or homains. 

Clearly we need to re-examine this story in the light of the present work. Domains 
are formed, and they are nucleated by the embryos existing at all temperatures. 'ho 
points need to be made to update the earlier picture. Fmt of all, as already indicated, 
the interior of each domain rapidly achieves a uniform degree of order and we 
interpret this as being caused by the strain coupling as before. Secondly the growth 
of tweed texture around embryos and subsequent overall ordering of the sample in 
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the present work are very different from the traditional nucleation and growth model. 
The crux of the latter was that it took a long time for fluctuations to create a nucleus 
larger than the critical size needed for it to grow, the critical size being a result of 
the mismatch in some sense between the ordered interior of the nucleus and the 
disordered exterior. Imagine what happens to the classical picture if the nuclei are 
always automatically larger than the critical size. In this case there is no activation 
barrier or time lag to their growth, as found in this work We may summarize by 
saying that in our simulation model there are always fluctuations or embryos of tweed 
texture cvelywhere which serve as nuclei for growth of order, but they are of such 
a nature that there is no barrier to their growth on quenching the sample. In all 
this the strain coupling plays a crucial role. In particular, the interior of one domain 
over a length scale of order 10 lattice spacings orders uniformly and mpidly, as found 
previously. 

7. Concluding remarks 

We have found that a remarkably simple model has immediately given a rich 
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microstructure of tweed texture without the need for fine tuning, including the 
coarsening of the tweed, replacement by stripe domains and final annealing into 
one domain. Some of these details will be elaborated elsewhere (F'arlinski et a1 
1592b), the main point here being the origin of the tweed. The model consists 
only of a lattice of copper atoms connected by springs to make an elastic medium, 
with oxygen sites between the copper atoms. It was not necessary to complicate the 
model by making the oxygen atoms part of the elastic medium; their only role is that 
when an oxygen site is occupied by an oxygen atom it pushes the adjacent copper 
atoms apart, whereas when the site is empty the mpper a t o m  are pulled together 
somewhat. The ordering of the available oxygen atoms on the sites (we consider the 
case of half as many atoms as sites) therefore leads to a local strain in the elastic 
medium, and corresponding macroscopic strain in one domain of the ordered phase 
below the transition temperature T,. That local strain and its elastic propagation 
through the medium govern all the phenomena. Positive and negative values for 
the order parameter lead to positive and negative shear of symmetry I* - yz. The 
main factor is that domain boundaries cost a large amount of strain energy unless 
they Lie perpendicular to the (l,&l,O) directions. Actually our model is only two 
dimensional, to represent a layer of YBCO, but the'same geometrical requirement 
applies in two and three dimensions and indeed the simulation results are similar 
(Bratkasky 1992d). Our model is therefore an extension of an earlier one by Wen 
et a1 (1981) who produced tweed-like patterns by forming rectangular unit cells with 
two orientations into a w layer, and permitting them to undergo a reconfiguration so 
as to decrease the elastic energy. The difference is that in our case the orientations 
of the unit cells are controlled by proper statistical mechanics of the oxygen atoms. 

Our most significant result is that strong equilibrium fluctuations exist above T, 
at temperatures as high as we have investigated, up to 1.7.5Tc. Their form can 
best be described as embryos of the tweed texture, namely a Criss-cross of needle-like 
domains lying in the (l,&l) directions in our w model. The strain inside each domain 
is comparable with the macroscopic strain of the ordered structure at T = 0. There 
are not just a few such embryos here and there: on the contrary, they are ever-present 
throughout the material at all temperatures. Indeed simulations of the equilibrium 
state below T, have shown that the partial disorder there also has a similar form. 
The requirements of the local strain mean that no other type of disorder in practice 
exists. Above T, such a type of disorder has been observed as the strealcing of Bragg 
peaks in x-ray scattering measurements (Jiang et al 1991). Around such embryos the 
tweed texture grows if one quenches the computer sample from above to below T,. 

A single needle domain in the fluctuations above T, has a length typically of 
20 lattice cbnstants, i.e. of order 75 84 and a width 2.5a, to 3a, of order 10 8, 
The tweed texture on quenching stam in this sort of scale. Wr example, Jiang er 
a1 (1991) have found &om diffuse x-ray scattering that in YBa,(C~,,,AI,,,,),07 
crystals the correlation range of the oxygen ordering, Le. the size of the structure 
which locally remains orthorhombic, is - 40 Putnis et a1 (1987) find 2 25 4 and 
Zhu et al (1990) report 30-50 8, This factor may be important in high-temperature 
superconductivity where the superconductivity coherence length in this material is 
only - 15 8, (Xu and Suenaga 1991). 

In this paper we have only considered the stoichiometric material YBa,C%O,-, 
with 6 = 0, but it would be trivial to extend the computer model to 6 > 0. One would 
follow paths well trodden in the theory of alloy phase diagrams and no qualitative 
change in behaviour is expected until 6 reaches near unity. Actually it is not the total 



?iueed texture in h e  simulation of mco 517 

oxygen content that is relevant but the 6 in the composition CuO,-, of the layer 
responsible for the shear strain, which can differ from that of the overall composition 
(Schahl et U1 1988). 
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